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Central

Extensions

Snails and

and non - isu -

1 → A 2→EE, a - ,
exts .

24A ) c z€ )

Th= E ( GA ) set of

Isom
.

classes of extensions of G by A

E§.A)←
'HILA:HEf

HYGA ) = ZYGA )/~
Z2( GA ) : f : Gx G- A

stg , ,g . ) feygz,g , ) = flgz,g , )f(g, ,gzg , )
~ : I ( g , ,gz)=f(g, ,g . , toes )

for some t : G - A
.

£ $9,92)



But HYGA ) has a 4 group
structure

.

E ( 6
,

A ) can be intrinsically
defined

.

E
,

: 1- A - GT → G → 1

Ez :
1 - A  → £ → G → 1

1 → A - GT
,

→ Gul

µ@,¥
an TM

^
1 → Axa → Gz→

%at
Hk I ,×#z

( 919 )

G×E , 1- , A×A→E , XGI → G×G→1

Cio
.

= µ*A*(Gxq )

9 . E should be an extension

of G by A



Example 2

-
Extensions of Zp by Zp

1 → zp → I → Zp - I

€
order

= p2

⇒ a -

apxzp
HEFEI;D

or Zps : There
are several

in
equivalent

extensions
.

But : H4Zp , Zp ) I Xp

1 - Zp 2→Zp 't Zp -1 I

em
ncephally different

SO : Introduce notation
:



z ,
= < o

,
1 op = 1 )

Zp -
= < x / xp 's i )

zp=< odd ' ' >
Esih@

HZ, -2 Zpz I Zp → I

< a > ← > < r >

2 ⇐ , ) ==2×2
( l ) = 2 of,P ) = | =) LPE 1

=) × = o mod
p

2

mindset's:*Ehn12kH)=xtJ
where KE Xp*

,
1 .< top - i

( k
, p ) = I

.



similar :

-

IT Must be of the form

tfx
) = Er I Er _< p

- 1

*

REZP

Ker Er In (#= Hr - 1

rezp
't

lr=o modp

i. l =O mod
p

kertr = { 1
,

xp
,

tip
,

. . .

,

L←' * }
Check = im 2k

=
= We 've found the most

general possibilities for 2 ,# .

2 = 2k for some kEZp*
IT = Tr for some re Zp*

Compute a oocycle -



a@aIn.x
Tr

l→ Zp - Zpz - Zp -7 I

I

⇒SCI ) = 1

< oh >

SCI ) = 2×

Tros ⇐ ) = Oz

.

'

. Ir(2× ) = Er× = Oz

i. rx = I modp

choose simplest solution re Zp*
F ! is r*=p - ,

1£ rep - 1

sti rr*
= I modp .

SCR ) =&r*

SKI ) = 22%

#Rp
' ' ) = IP - i )r*



si ) = 1

r* SEE ) E

ZgpzSCI ) = X

s€=ar*
a >

%e
'

) = &E-Dr 't

Now strip ) ?

group
honour

. requires stir ' ) SH )

= &#hr*ar* = ×pr*

but ozP= 1 sci ) = 1
.

We 're stuck : we Can't choose

s to be a group homomorphism .

Extension is non - split
Calculate the co cycle :



SH )sH)s⇐" ' 5
'

= {
1

×ty=p - i

xr*p x+y%p

÷to , ) =
xk KeZp*

fata⇒s=ta¥tTIjkpfA=Zp=<o , >
'

}
where k*K= I modp\

this is acocyde .

Notes : Show how trying to trivialize
with a co boundary Won't work

.



yon >¥
1- < a >

�2� fq a < a) → 1

k'sntk
Isom

. of extensions
=

is an iso of

groups making The diagram Commute
.

4cL ) = It
y rel

. prime to

p

�1� Commutes

Trig ( × ) = trcx )

=)
Ky =r

, modp

�2� commutes : 42k ,H)=2kz( E)

=) kipy = kzpmodp '

⇐> kiy = kzmodp .



Ky = r
, modp

K
, y

= Kzmodp

and yeast
⇒ Ker

,
= kzrz modp

#
,

] is determined by
Kr or equiv .

k*r*

He

,r#⇒#€#e±.E#
modp

Xp ring Zp*cZp group
of units

.

H2(Zp
, Zp ) = Zp

k(Kr)*< p . 1 p - i extensions

with f= zpz E=zpxzp#1 .



Exampletl p prime

G÷
I → Zp → G- → ZPO . . -

@Z÷
K summaries

.

Write additively
Co cycle condition

f : GXG → X/pz

feed + ftxtj ' ,£ )

= f ( I
, YTE

'

) + Ky' ,£ )

Satisfy that with

f (Eg
'

) = Aijxiyj ←YIK@
=

A E Mat ,⇒⇐(Zp )



Change by a coboondary

ftp.yy-ffiyytq#ty )

- q⇐ ' - 88 '
#

of
- cobondary.

g : G- (2%2)

G¥ ) = qijxixj
→←4pz

Aij →Aij - ( qijtqji )
P¥ put Aij - o Kj ←

Aji  
= 0 or 1

gauge inut
.

Aii - Aii-2$-A.E.0

lzkfktl )

§tco
cycles .

z0'Ek#8a



If
p

is an odd prime .

Aij → Aij ÷2(qijtqji )

so

⇐1pzjk←y
"

dime

space
Using topology of cohomology

one connotes Classes
.

( Kenneth theorem )

Htzpotiz . )± zptzkett' )

But we just constructed
p

nontrivial coyotes HYZPTGD
not of the form Aijxiyj



Example 5

÷zz → Eu→ zzoZz→ /

H2( Zzozz
,

Zz ) Izzo 22+022

Distinct
groups

in the middle : 4 type

I → 2. →
2/2×212×212

→ Zsxzot 1

1 → Z
,

→ Zzo 24 → 22+0212 ' I

1 → Zz → Q → zzozz → /

I → Zz → Dy - > Zzo 2/+1

Q = { ±i
,

± is '

,
± in

,
±i or }

Dy = { 1

,
R ,Ri RYP,

PR
, PPIPR

'

}

¥7
'

's R= RH )



Make an

Explicit choice of section ⇒

explicit bilinear form Aijxiyj .

8 extensions

4 isom
.

of groups £
.

Exercises :

-

I
.

Trivial izable central extension
is a direct productE = AXG

mottoue of split ( noncentrl )
extensions

.

2
. Dy us

. Q

÷
. Group Commutation Criterion

.

5,5<99 .

1 → A  → E=→⇒G→ 1

T

If g. , gz E G are a commuting
pair g ,gs=g£g ,

and there are
-



lifts § , , aye sit .

tqT)=g , t§ ) =gz

if [ of ,£ ] = rca ) at I

.

then the extension is nontrivial

-

**H4Auton )
,

vi ) ) = ?

H2(OH )
,

vi ) )

Cage.tn?ieeaiDH*(BOC3),Z)knotsw@8.p,
,

... >

Pure slates

sEdB§qk⇒#2±m÷
FS metric : Round metric

.

AOHQM)=Isom§,r%%k)=O¢3)
.



Quantum Mechanics Of A

Charged Particle On a Ring

Surrounding:###..
* :

¥↳←L
particle of

Mass m

Trang
e e

.

|
¢ ~ lot at

position of particle

S
"

= ftsmrzji It

= S Ito '

It w/ot change

u

$ = f { Iojz + feat
gauge Potential

g waldliue

As in Aharanov
- Bohm

.



In general xnct ) moving
through a space with

gauge field Apex ) particle
has change e mass m

←
metric on space

$=f{m gµ⇐a ) )%M#%Yt ) dt

+ feAµKa ) idle ) It
mum

fd#I@:S " € A -13 phase .

÷'
zIoI2t fefdxtt ) That

run

A 1- form F= DA

¢ SF - B
.

⇒ A=¥Td¢



Az =o Ar - o A¢= ±

$s=s⇐9nC#t¥↳"*o

Classical Symmetries
Quantum Symmetries

not
.

Equations of motion :

§
= o

.

NB
.

! B - term did not contribute
.

feted"

dt }
example of

-

"

A - term "

total derivative
"

topological term
"

does not affect classical physics
do¥ affect

quantum physics



Classical eq
's of motion Joao

Symmetries ¢ - $+2 2~&tat

Rcx ) : eiokt'→ei9 't'@ix

= ( cosx six

- sina.com )[:¢→ - ¢ retentionin 'Y
-

symmetry of qs af motion by
n¥ of the top .

term
.

Rk ) Rcp )= R⇐p ) SOG )

P2= I

PRK )P= Rca )

OIM.cl#dsymmyGroup
.



Compute Hamiltonian-

Canonical momentum conj .

to ¢

L= of - totes'÷

f Hdt = flojdt - S
'

=s÷Ee÷j
gut : L= - itfto acting

on [
- wauefmelions of ¢

,

L=  -

itfTotan@T0itos-EtiFo-osjB.eB

£



Diagonal ize Ll - [ $1 )

Complete
'Vset:lf*¥+eim&m€z

also
eigenvectors of H

HYH =Em¥ 1- parameterB
family of

Em = z£÷n(m- B } Hamiltonians

Remarks B#IB+c does?←Ia?€
_i joy thefamily .

1
. Topological term matters because

The observable spectrum is

shifted by B=eB/2#k

2
.

Important
that me 21

because ¢~¢t2t
Action $[¢a] also makes



Sense for loft ) ER

without the identification ¢~¢tz#
But then on would not be

quantized and we could
shift

away B ( or Bek )
.

Topological term would ihraueao
effect in the

quantum theory
as well

.

Need to have some topology .

tr#z]- ra
-

to

very useful
. 1- Resolve ut

HB - Z =



Next time :

After some further remarks

we'll look at the
quantum symmetries.


